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Abstract 

In this paper we describe some Leibniz algebras whose corresponding Lie algebra is four¬ 
dimensional Diamond Lie algebra J) and the ideal generated by the squares of elements (further 
denoted by 7) is a right S-module. Using description [10] of representations of algebra T> in sl(3, C) 
and sp(4, F) where F = R or C we obtain the classification of above mentioned Leibniz algebras. 
Moreover, Fock representation of Heisenberg Lie algebra was extended to the case of the algebra 
D. Classihcation of Leibniz algebras with corresponding Lie algebra S and with the ideal I as 
a Fock right S-module is presented. The linear integrable deformations in terms of the second 
cohomology groups of obtained finite-dimensional Leibniz algebras are described. Two computer 
programs in Mathematica 10 which help to calculate for a given Leibniz algebra the general form 
of elements of spaces BL^ and ZL^ are constructed, as well. 

AMS Subject Classifications (2010): 17A32, 17B30, 17B10. 

Key words: Diamond Lie algebra, Leibniz algebra, representation of Diamond Lie algebra, Fock 
representation, Heisenberg Lie algebra, linear deformation, the second group of cohomology. 

1 Introduction 

Leibniz algebras are non-commutative analogue of Lie algebras, in the sense that adding antisymmetry 
to Leibniz bracket leads to coincidence of fundamental identity (Leibniz identity) with Jacobi identity. 
Therefore, Lie algebra is a particular case of Leibniz algebra. Leibniz algebras were introduced by J.-L. 
Loday m in 1993 and since then the study of Leibniz algebras has been carried on intensively. Inves¬ 
tigation of Leibniz algebras shows that classical results on Cartan subalgebras, Levi’s decomposition, 
Engel’s and Lie’s theorems, properties of solvable algebras with given nilradical and others from theory 
of Lie algebras have been extended to Leibniz algebras case (see n, 0,0, i, m, m, m)- It is 
known that for a given Leibniz algebra the categories of symmetric representations and anti-symmetric 
representations are both equivalent to the category of Lie representations over its corresponding Lie 
algebra m- 

Recall that an algebra L over a field F is called a Leibniz algebra if it satisfies the following Leibniz 
identity: 

[a;, [y,z]] = [[x,y],z] - [[x,z],y], 

where [ , ] denotes the multiplication in L. In fact, the ideal I generated by the squares of elements of 
a non-Lie Leibniz algebra L plays an important role since it determines the (possible) non-Lie nature 
of L. From the Leibniz identity, this ideal is contained in right annihilator of the algebra L. 

For a Leibniz algebra L we consider the natural homomorphism ip into the quotient Lie algebra 
L = L//, which is called corresponding Lie algebra to Leibniz algebra L (in some papers it is called a 
liezation of L). 
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The map I x L ^ I, (i,x) [i, x\ endows I with a structure of a right L-module (it is well-defined 

due to I being in a right annihilator). 

Denote by Q{L) = L(B I, then the operation ) defines Leibniz algebra structure on Q{L), 
where 

{x,y) = [x,y], {x,i) = [x,i], {i,x)=0, {i,j) = 0, x,yeL,i,jeI. 

Therefore, for a given Lie algebra G and a right G-module M, we can construct a Leibniz algebra 
as described above. 

In [2 D. Barnes showed that any finite-dimensional complex Leibniz algebra is decomposed into a 
semidirect sum of the solvable radical and a semisimple Lie algebra (the analogue of Levi’s theorem). 
Hence, we conclude that if the quotient algebra is isomorphic to a semisimple Lie algebra, then knowing 
a module over this semisimple Lie algebra one can easily obtain the description of the Leibniz algebras 
with corresponding semisimple Lie algebra. Therefore, it is important to study the case when the 
corresponding Lie algebra is solvable. Moreover, the solvability of a given Leibniz algebra is equivalent 
to the solvability of its corresponding Lie algebra. 

One of the approaches related to this construction is the description of such Leibniz algebras whose 
corresponding Lie algebra is a given Lie algebra. 

This approach was used in works m, m where some Leibniz algebras with corresponding Lie 
algebra being filiform and Heisenberg Lie algebras, respectively, are described. In particular, 
the classification theorems were obtained for Leibniz algebras whose corresponding Lie algebras are 
Heisenberg and naturally graded filiform algebras and that the ideal / is isomorphic to Fock module 
as a module over corresponding Lie algebra. 

Deforming a given mathematical structure is a tool of fundamental importance in most parts of 
mathematics, mathematical physics and physics. Deformations and contractions have been investigated 
by researchers who had different approaches and goals. Tools such as cohomology, gradings, etc. which 
are utilized in the study of one concept, are likely to be useful for the other concept as well. The 
theory of deformations originated with the problem of classifying all possible pairwise non-isomorphic 
complex structures on a given differentiable real manifold. The concept of formal deformations of 
arbitrary rings and associative algebras was first investigated in 1964 by Gerstenhaber m- Later, the 
notion of deformation was applied to Lie algebras by Nijenhuis and Richardson [501. After works of 
these authors the formal deformation theory was generalized in different categories. In fact, in the last 
fifty years, deformation theory has played an important role in algebraic geometry. The main goal 
is the classification of families of geometric objects when the classifying space (the so called moduli 
space) is a reasonable geometric space. In particular, each point of our moduli space corresponds 
to one geometric object (class of isomorphism). Deformation is one of the tools used to study a 
specific object, by deforming it into some families of ’’similar” structure objects. This way we get 
a richer picture about the original object itself. But there is also another question approached via 
deformation. Roughly speaking, it is the question, can we equip the set of mathematical structures 
under consideration (may be up to certain equivalence) with the structure of a topological or geometric 
space. The theory of deformations is another one of the effective approach in investigating of solvable 
and nilpotent Lie algebras and superalgebras. Since Leibniz algebras are generalization of Lie algebras 
and it is natural to apply the theory of deformations to the study of Leibniz algebras. Thanks to 
Balavoine [4] we can apply the general principles for deformations and rigidity of Leibniz algebras. For 
instance, one-parameter deformations establish connection between Leibniz algebra cohomology and 
infinitesimal deformations [14], |15j . 

In this paper we describe Leibniz algebras with corresponding four-dimensional Diamond Lie al¬ 
gebra S and with the ideal I associated to representations of 2) in s[(3,C) and sp(4,F) with F = R 
and F = C (see [10]). We recall the relation [23,2)] = Hi between algebras 2) and Hi. For the 
other properties of the Diamond Lie algebra and its relation with the Diamond Lie group we refer 
the reader to works m, [IQ], [18], [19] and references therein. In addition, we extend the notion of 
Fock representation of Heisenberg algebra to representation of the algebra 2). Using these represen¬ 
tations we classify Leibniz algebras with corresponding Lie algebra 2). Applying relationship between 
formal deformations and the second group of cohomologies we describe linear integrable deformations 
for classified finite-dimensional Leibniz algebras. In order to avoid routine calculations for identifying 
representatives of the quotient spaces HL^ we developed two computer programs in Mathematica 10. 

Throughout the paper omitted products in in the table of multiplication of Leibniz algebras, as 
well as omitted values in the expansion of 2-cocycles are assumed to be zero. 
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2 Preliminaries 

In this section we give necessary definitions and preliminary results. 

Definition 1. fid] / A n algebra (L, , —]) over a field F is called a Leibniz algebra if for any x,y, z G L, 

the so-called Leibniz identity 

[[x,y\,z\ = [[x,zfy\ + [a;, [y,z]] 

holds. 

Further for the right annihilator of an algebra L we shall use notation Annr{L). 

The real Diamond Lie algebra J)r is a four-dimensional Lie algebra with bases {J, Pi, P 2 ,T} and 
non-zero relations: 

[J,Pl]=P2, [J,P2] = -Pi, [Pi,P2]=T. ( 1 ) 

The complexification of the Diamond Lie algebra: Sc = S C displays the following (complex) 
bases: {P+ = Pi — iP 2 , P- = Pi -\- iP 2 , T, J}, where i is the imaginary unit, whose nonzero 
commutators are 

[J, P+] = iP+, [J, P_] = -iP., [P+,P-] = 2iT. 

If we change base 

j' = -ij, Pi'= P+, P2=P-, T' = 2iT 

then we can assume that 

[J, Pi] = Pi, [J, P 2 ] = -P 2 , [Pi, P 2 ] = T. 

2.1 s[(3, C)-modules as Dc-modules 

Let {Pi, il 2 , Pi, P 2 , P 12 , Pi, P 2 , P 12 } be a standard basis of (s[ 3 ,C) [13] defined by 

( ace 
f b — a d 
h g -b 

Indecomposable finite-dimensional representations of Sc by restricting those of s((3,C) to the two 
inequivalent embedding of Sc in s[(3,C) given the next lemma. 

Lemma 1. JlOf The maps tp : Sc —S' sl(3, C) and ip : Sc sl(3, C) defined by 

ipiP+)=Ei, (^(P_) = Pi2, ipiJ)='-i2Hi+H2), ipiT)^'-F2, 

iPiP+)=Ei, iP{P_)=E 2, iPiJ) = '-{Hi - H 2 ), iP{T) =-'-Ei2, 
are ineguivalent Lie algebra embeddings. 

Remark 1. Here we changed ip{T) = —^Pi 2 misprint of to the correct expression ip{T) = —|Pi 2 - 

The embeddings of Lemma [T] correspond to two module structures over Sc on vector space V = 
{Xi,X2,X3}: 


( 2 ) 


(3) 


(Xi,J) = fXi, 
iXi,P+)=X2, 

(Xi,J) = |Xi, 
{Xi,P+)=X2, 


{X2,J) = -IX2, 

(X3,P_)=Xi, 

{X2,J) = -^X2, 
{X2,P-)=X3, 


(-^3, J) — 

{X3,T) = ^X2, 

(X3,J) = |X3, 

{Xi,T) = -^Xs. 


(4) 

(5) 
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2.2 sp(4, R)-modules as 2)]R-modules 


The Diamond Lie algebra Sr can be realized as a subalgebra of the simple Lie algebra sp(4, R) through 
the map [lO] : 


9J + aPi + j3P2 + 7 T = 


/o 

a 

/3 

27 \ 

0 

0 

-9 

P 

0 

9 

0 

—a 

VO 

0 

0 

0 / 


Precisely, if {J, Pi, P 2 ,T} is a basis of Sr, then as faithful representations we take linear transfor¬ 
mations with the matrices on the linear space V = {Xi, X 2 , X 3 , X 4 }. We endow the vector space V 
with right SR-module structure as follows: 


r {Xi,Pi) = x2, 

I {X2,J) = -X3, 

[ {X3,J)=X2, 


{Xi,P2)=X3, 
{X2,P2)=Xi, 
{X3,Pi) = -X4 


(Xi,r) = 2 X 4 


( 6 ) 


2.3 sp(4, C)-modules as Dc-modules 

The Chevalley basis of sp(4, C) (see [13]) is defined by 


/ a 


aHi -p bH2 cEi -\- dE2 eEi2 -I- f E 112 -I- gEi -\- hF2 iEi2 jTii 2 — 



c e -f \ 

b — a d —e 

h a — b 0 

—i 0 —a J 


and T] : Dc —t sp(4, C) simply becomes 


r,iP+) = Ei, r,iP_)=Fi 2 , r,{J) = i{Hi + H 2 ), 7 l{T) = "-F 2 


Remark 2. Here we corrected misprinted coefficient of UOt/ in rjfT) = iF 2 to 

From the above embedding we construct right Sc-module V = {Xi,X 2 ,X 3 ,X 4 } in the following 
way: 


{Xi, J) = iXi, {X 4 , J) = -iX4, {Xi,P+) = X 2 , 

iX 3 ,P-)=Xi, {X4,P-) = -X 2 , {X3,T) = ^X 2 . 


2.4 Fock module over Heisenberg Lie algebra 


It is known that if we denote by x the operator associated to position and by ^ the one associated 
to momentum (acting for instance on the space V of differentiable functions on a single variable), 
then = ly. Thus we can identify the subalgebra generated by l,x and ^ with the three- 

dimensional Heisenberg Lie algebra Hi whose multiplication table in the basis {l,x, has a unique 
non-zero product \x,^] = 1 . 

For a given Heisenberg algebra Hi this explanation gives rise to the so-called Fock module over 
Hi, the linear space F[a;] of polynomials on x (F denotes the algebraically closed field with zero 
characteristic) with the action induced by 


{p{x), 1 ) 

1 -^ p(x) 


{p{x),x) 

1 -^ xp(x) 

( 8 ) 





for any p{x) € F[a:]. 
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2.5 Linear deformations of Leibniz algebras 

We call a vector space M a module over a Leibniz algebra L if there are two bilinear maps: , —] : 

L X M ^ M and ] ■ M x L ^ M satisfying the following three axioms 

[m,[x,y]] = [[m,x],y] - [[m,y],x], 

[x,[m,y]] = [[x,m],y] - [[x,y],m], 

[x, [y,m]] = [[x,y],m] - [[x,m],y], 


for any m € M, x,y G L. 

Given a Leibniz algebra L, let C'^{L,M) be the space of all F-linear homogeneous mappings 
L®” ^ M, n > 0 and C°(L, M) = M. 

Let d" : M) —>■ M) be an _F-homomorphism defined by 


n+1 

^n+1 ) ■ [ 3^1 j /* (^2 5 • ■ • ; ^n+1 )] ^ ^ ( 1) [f ( 2^1 j ■ • ■ ? ^n+1 ) ; 

i^2 

+ ^ i-iy+^fix„...,x.-u[x i ? ] 5 17 * ■ * •> 7 ■ * ■ ) 1) 5 

l<i<j<n+l 

where / € C"‘{L,M) and xi G L. Since the derivative operator d = ^ satisfies the property 

i>0 

d o d = 0 , the n-th cohomology group is well defined and 

HL^{L,M) = ZL^{L,M)/BL^{L,M), 

where the elements ZL^{L, M) and BL^{L, M)) are called n-cocycles and n-coboundaries, respectively. 
The elements / G BL‘^{L,L) and (p G ZL‘^{L,L) are defined as follows 

f{x,y) = [d(x),y] + [x,d{y)] — d{[x,y]) for some linear map d (9) 

and 

id‘^(f)ix, y, z) = [x, ip{y, z)] - [ip{x, y),z\ + [ip{x, z),y\+ p{x, [y, z]) - ip{[x, y],z) + ip{[x, z\,y) = 0 . ( 10 ) 

A formal deformation of a Leibniz algebra L is a one-parameter family Lt of Leibniz algebras with 
the bracket 

= Mo + t‘Ll + t^P2 + • • • , 

where (fi are 2-cochains, i.e., elements of Hom{L G L, L) = L). 

Two deformations Lt, L't with corresponding laws pt, y-i equivalent if there exists a linear 

automorphism ft = id + fit -|- / 2 t^ H-of L, where fi are elements of [L, L) such that the following 

equation holds 

y't{x,y) = ft~^{yt{Mx),ft{y))) for x,y € L. 

The Leibniz identity for the algebras Lt implies that the 2-cochain pi should satisfy the equality 
d^pi = 0, i.e. (pi G ZL^{L, L). If pi vanishes identically, then the first non vanishing pi is 2-cocycle. 

If y't is an equivalent deformation with cochains (/?(, then p\ — pi = df fi, hence every equivalence 
class of deformations defines uniquely an element of HL^{L, L). 

It should be noted that the condition that linear deformation (that is, pt = yn + tpi) is a Leibniz 
algebra (we say yt is integrable) implies two restrictions on 2-cochain pi: the fist one is pi G ZLf{L, L) 
and the second one is 


pi{x,pi{y,z)) - pi{pi{x,y),z) + pi{pi{x, z),y) = 0 . 


( 11 ) 


3 Main result 

In this section we present descriptions of Leibniz algebras with corresponding the Diamond Lie algebra 
D and by identifying ideal / with S-modules discussed in previous section. Using computer program 
in Mathematica 10, we describe linear integrable deformations for obtained finite-dimensional Leibniz 
algebras. 
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3.1 Leibniz algebras with the ideal I as Dc-modules by restriction of 51(3, C). 

In this subsection we are going to describe Leibniz algebras L such that L/I = J)c and the ideal I is 
identified as a right S)c-niodules by restriction of s[(3, C). 

For the shortness, instead Leibniz identity [X, [F, Z]] = [[X, F],Z] — [[X, ZjjF] we will use below 
the notation {X, Y, Z}. 

Lemma 2. Let L be a Leibniz algebra such that Ljl = T>c, where 2>c is the Diamond Lie alge¬ 
bra and L is its right 'Sc-module. If there exists a basis {Xi, X 2 ,..., X„} of I such that [X^, J] = 
aiXi, ai^{—2,0 , 2} for 1 <i <n, then 

[£>,S)] C £». 

Proof. Here we shall use the table of multiplication (|31) of the complex Diamond Lie algebra. Let us 

n n 

assume that [J, J] = niiX^. Then by setting J' := J — ^Xi, we can assume that [J, J] = 0. 

i—1 2—1 

Let us denote 

n n 

[J, Pi] = Pi + ^ <7,X„ [J, P 2 ] = -P 2 + ^ r,X,. 

2^1 2^1 

Taking the following basis transformation: 

n n 

J' = J, Pi'=Pi+^g,X„ P^=P 2 -^r,X„ T'=[P',P^], 

2^1 2^1 

we can assume that 

[J, Pi] = Pi, [J, P 2 ] = -P 2 , [Pi, P 2 ] = T. 

Applying the Leibniz identity for the triples {J, J, Pi}, {J, J, P 2 } we derive 

[Pl,J] = -[J,Pl], [P 2 ,J]=-[J,P 2 ]. 


We put 

n 

[J,T] = Y,UX,. 

i=l 

Considering the Leibniz identity for the triple and taking into account the condition 

a, ^ 0, we get [J, T] = 0. 

Similarly, from the Leibniz identity for the following triples we obtain: 


' {J,Pl,P2}, ^ 

{J,Pi,T}, ^ 

< {J,P2,T}, ^ 

{Pi,P 2,T}, ^ 
{Pl,J,P2}, ^ 

v 


[P2,Pl] = -[Pl,P2], 

[Pi,T] = Q, 

[P2,T] = Q, 

[P,r] = 0, 

[T, J] = 0. 


Taking into account the condition of proposition ai {—2,0,2} in the Leibniz identity for the 
triples: 

{Pl,J,Pl}, {P2,J,P2}, {Pl,Pl,P2}, {P2,P2,Pl} 

we obtain the products 

[Pi, Pi] = [P 2 , P 2 ] = [T, Pi] = [T, P 2 ] = 0, 

which complete the proof of the lemma. □ 


In the following theorems we consider the case when the ideal / of the algebra L is defined by right 
2)c-modules (|4]) and ([5]), respectively. 
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Theorem 1. An arbitrary Leibniz algebra with corresponding Lie algebra Sc I associated with 
'Dc-module defined by 0 admits a basis {J, P-,T, Xi, X 2 , X 3 } such that the table of multiplication 

of an algebra has the following form: 


Li : 


[J,P+] = zP+, 
[P+,J] = -*P+, 
[Xi, J] = ^iXi, 
[X,,P+]=X2, 


[J,P_] = -zP_, 
[p_,J] = ip_, 
[X 2 , J] = —^iX 2 , 
[Xs,P-] = X,, 


[P+,P.]=2iT, 
[P_,P+] = -2zT, 
[X3,J] = -izX3, 
[X3,T] = ^X2. 


Proof. The proof is following from Lemma [2l 


□ 


Theorem 2 . An arbitrary Leibniz algebra with corresponding Lie algebra Sc o.iT-d I associated with 
'Sc-module defined by m admits a basis {J, P+, P_, T, Xi, X 2 , X 3 } of Li such that the table of multi¬ 
plication of an algebra has the following form: 


L 2 : 


r [j,p+] = ip+, 

I [p+,J] = -^p+, 

[ [Xi,P+]=X2, 


[J,P_] = -zP_, 
[P_,J] =zP_, 
[X2^ J] = — '^ 1 X 2 , 

[X2,P-]=X3, 


[P+,P_] = 2zP, 
[P_,P+] = -2zr, 
[X 3 , J] = \iX^, 

[^i,r] = -|X3. 


Proof. The proof is following from Lemma [2l 


□ 


3.2 Leibniz algebras with the ideal I as DR-modules by restriction of 

sp(4,M). 

In this subsection we shall describe real Leibniz algebras L such that L/I = Sr and the ideal / is a right 
faithful representation Sr in sp(4,K), defined by right module Let {J, Pi, P 2 ,T, Xi, X 2 , X 3 , X 4 } 
be a basis of L. 

We set 

[J, Pi] = P 2 + E a^X,, [Pi, J] = -P 2 + E d,X,, 

i=l i=l 

[J, P 2 ] = -Pi + E hx,, [P 2 , J] = Pi + E k,x,, 


i=\ 

4 




[Pi, P 2 ] = T + E CzX„ [P 2 , Pi] = -t+y: kx. 


[J, J] = E 

i=l 

IP2,P2]= EP^X,, 
[J,T] = E nX,, 

i=l 

[Pi,T] = Epw, 
1=1 

[P 2 ,r] = Ei;,w, 
1=1 


[Pl,Pl] = En^X^, 

i=l 

[T,T] = E q^X^, 

i=l 

[T, J] = E 

i=l 

[T,Pi]= En,W, 
1=1 

[t,P 2 ] = E^^x^■ 

i=l 


( 12 ) 


In the following lemma we describe the table of multiplications of the Leibniz algebras under above 
conditions. 


Lemma 3. There exists a basis {J, Pi, P 2 ,T, Xi, X 2 , X 3 , X 4 } of L such that the table of multiplication 
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has the following form: 


L{ai,a2) 


[J,Pl]=P 2 , 

[Pl,J]=-P2, 

[J,P 2 ]=-Pl, 

[P2,J]=Pl, 

[Pi,P 2 ]=T, 

[P2,Pl] = -P, 

[J, J] = 04X4, 

[Pi, Pi] = Q!2 Xi, 

[P 2 ,P 2 ] = ^2X1, 

[j,r] = 202X1, 

[Pi,T] = -202X3, 

[r,Pi] = 302X3, 

[P2,T] = 202X2, 

[r,P 2 ] =-302X2, 

[^l,Pl] =^2, 

[^l,P 2 ]=^ 3 , 

[Xi,r] = 2X4, 

[X2,J] = -X 3 , 

[X2,P2] =X 4 , 
[X 3 ,Pl] = -X 4 , 

[^ 3 ,J]=^ 2 , 


where parameters ai, 02 € C. 

Proof. Let Leibniz algebra L has the products (HU). Then taking change of basis elements as follows 
J' = J -\- 1713X2 - 1712X3, Pi = Pi - hXi - (64 + m3)X4, 

i^l 

3 2 

P 2 = P 2 'Yh 0 .iXi + (04 + 77 l 2 )X 4 , T' = T -\- 'Yf CiXi + (c 3 — hi)X^ + (c 4 — 62)^4, 

i=l i=l 


we can assume that 


[J,Pi]=P2, [J,P2] = -Pl, [Pi,P2]=T, [J,J] =7711X1+7714X4. 

From the Leibniz identity for the triples below we have 


{j,r, J}, 


?’2 = 73 = TOi = 0, 

{J,Pi,J}, 


[P2,J]=Pl, 

{J,P2,J}, 


[Pl,J] = -P2, 

{j,Pi,n, 


Vi = V3 = V4 = 0,772 = ri, 

{J,P2,T}, 


ti=t2=ti = 0,^3 = -ri, 

{Pl,P,P2}, 


II 

to 

II 

W 

II 

II 

0 

{Pi,Pi,n, 

=+ 

ni = \ri, 

{P2,P2,r}, 

=+ 

Pi = \ri, 

{J,Pl,P2}, 


P2 = -n2,P3 = -ns,Pi = 74 - 774, 

{Pl,J,P2}, 


Si = 0, S2 = 2772 , S 3 = 2773, S4 = 2774 

{Pl,Pl,P2}, 


Ui = 772 = 0,773 = ^ri,U4 = 772 , 

{P2,J,Pl}, 


n2 = \h1n3 = -\l2,ni = \ri, 

{Pl,J,Pl}, 


h = I2 = I3 = U = 0 , 

{P2,Pl,P2}, 


Wi = W3 = Wi = 0 , 7772 = — |?'l. 


Summarizing all obtained restrictions and setting ai := 7774, a2 := ^ri,a 3 := ^74, we have the 
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family of algebras 


[J,Pl]=P2, 

[ 54 ,J] = - 52 , 

[ 7 , 52 ] = -54, 

[^ 2 ,J]= 5 i, 

[^"i,i" 2 ] = r, 

[52,54] = - 5 , 

[J, J] = 04X4, 

[54,54] = 02X4 + 03X4. 

[52,52] = 027 f 4 + 03X4, 

[ J, 5 ] = 202X4 + 203X4 

[ 5 i,r] =-202X3, 

[ 5 , 5 i] =302X3, 

[ 52 , 5 ] = 202X2, 

[ 5 , 52 ] =-302X2, 

[Xi, 54 ] =X 2 , 

[X 4 , 52 ] =X 3 , 

[X4,T] =2X4, 

[X 2 ,J] =-X 3 , 

[X 2 , 52 ] =X 4 , 

[X 3 , 7 ] =X 2 , 

[X 3 , 54 ] = -X 4 . 



Finally making the change of basis elements 

J' = J — a^Xi, P[ = Pi -\- P 2 = P 2 — 0'3X2, 

we get the family i(ai, a 2 )- □ 

Theorem 3. An arbitrary Leibniz algebra of the family L{ai,a 2 ) is isomorphic to one of the following 
pairwise non-isomorphic algebras: 

L(1,0), L(l,l), L(-l,l), L(0,0), L(0,1). 

Proof. In order to achieve our goal we shall consider isomorphism (basis transformation) inside the 
family L(q;i,q; 2 )- Note that element J,Pi,Xi generate the algebra. Therefore, we take the general 
transformation of these basis elements: 

4 

J' = AiJ + A 2 P 1 + A^P 2 + A 4 T + ^ Ai^-iXi, 

i=l 

P{ = BiJ + B 2 P 1 + B 4 P 2 + B 4 T + ^ Bi 4 . 4 Xi, 

i=l 

x[ = j: axi, 

i=l 

with (^ii ?2 — A 2 Bi)Ci ^ 0. 

Let us generate the rest basis elements P^^T', X 2 , X'^, X[ : 

P'2 ~ ['J'i Pi] ~ i^sBl — AiB^^Pi + {—A2B1 + AiB2)P2 + { — A3B2 + A2B^)T + (A 2 i ?2 + A3B4 + 
2AiB4)oi2Xi + [A’jBi-\-A^B2 + (—3A4i3a + 2^3i?4)Q;2)^2 + (— PA^B^ + (^3A4B2 — 2 ^ 254 ) 0 : 2)^3 P 
{—A'jB 2 P AqB^ + 2^554 + AiBiai)X 4 , 

r = = Bi{A2Bi - AiB2)Pi P BiiAsBi - ^153)^2 + {-A2B1B2 P AiBj - A3B1B3 + 

AiB^)T — Bi(yA^B 2 — A 2 B^^a 2 Xi + [A^BiB^ — AiB^B^ — ‘lA^B 2 B^a .2 P 2 A 2 B^cx 2 P 3A2B1B4CX2 ~ 
3 AiB 2 B 4 a 2 )X 2 P {—A 2 BiB^ + AiB 2 B^ + 2 A^B 20!2 — 2 A 2 B 2 B^a 2 P 3 A^BiB 4 cx 2 — 8^4535402)^3 + 
(— 2 T 35255 + 2 A 2 B^B^ — A 2 B 1 BQ + A 1 B 2 BQ — A^BiB'j + ^ 15357 )^ 4 , 

X' = [X[,P[] = {B 2 C 1 P BiCi)X 2 P ( 53 C 1 - 5iC2)X3 + ( 254 C 1 + 53 C 2 - 52C3)X4, 

"^3 = ["^1:^2] = (^354—Ai 53 )C'iX 2 — (^251 —Ai 52 )C'iX 3+ ( —2^352(74+2^253(74—T2 54(72 + 
A 1 B 2 C 2 — A^BiC^ P AiB^C^)X 4 , 

X '4 = [X', 5^] = ((A 354 - 7l453)(-53Ci + 54 C 2 ) + (-^251 + 7l452)(52C4 + 54C3))X4. 

Let US consider 

[r', 54 '] = 52(71354 - 71453)54 - 52 ( 7 l 25 i - 71452)52 + BU-A 3 B 2 P A 2 B 3 )T + Bi{A 2 BiB 2 - 
A 1 B 2 P A 3 B 1 B 3 — AiB^)a 2 Xi + (—7125255 + 7 I 454 5255 + 7 I 3545 I 02 + 2 T 254 52 53 O 2 — 37 I 45^5302 + 
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3A^BiB^a2 — 3AiB^a2 + 5A^B^B4^0i2 ~ 5AiBiB^B4a2)X2 + {~A^B^B^ + AiBiB^B^ — 3 A 2 B 1 B 2 CX .2 + 
3AiB20i2 ~ ‘2 .A^BxB2B^cx 2 ~ A2BiB^a2 + 3AiB2B^oi2 — 5 ^ 2 - 62 -^ 40^2 + 5Ai6i6264a2)^3 + 
(2I2616265 — AiB^B^ + A3616365 — AiB^B^ — 2 A^B 20 i 2 + 2 A 2 B 2 B^a 2 — 2 A^B 2 B^oi 2 + 2 A 2 B^a 2 — 
3A^BxB2BiOt2 + ^A 2 BxB^BiOi 2 )Xi. 


On the other hand, we have 

[T'jPi'] = 3a2^3 = 3 o2((A36i — 24.i63)C'iX2 — {A 2 B 1 — Ai62)C'i^3 + {~‘^A^B2Ci + 2A2B^Ci — 
A 2 B 1 C 2 + Ai 62 C '2 — 24 . 361 C 3 + ^ 163 ( 73 )^ 4 ). 

Comparing the coefficients at the appropriate basis elements, we get the restrictions: 

( Bl{A 3 B^-AiB 3 )=Q, 

I Bl{A 2 B^-AiB 2 )=Q, 

I Bl{-AiB 2 +A 2 B:i)={), 

[_ 61(2126162 ~ A 1 B 2 + 7 I 36163 — AiB^)a 2 = 0 . 

Let us assume that 61 ^ 0. Then the above restrictions transform to the following 


{ A 361 — A 163 = 0 , 

2 I 261 — 2 I 162 = 0 , 

— 2 I 362 + A 263 = 0 , 

( 7 I 26162 — A 1 B 2 + A 3 6163 — Ai 6 |)q ;2 = 0 


62 — {A2B2 + A363 + 2 Ai 64 )Q; 27 fi + (A761 + A562 — 3^4630:2 + 2^3640:2)7^2 + (—Ag6i + A563 + 
3 A 462 O 2 — 2 A 2 B 4 a 2 )X^ + (—A 762 + AqB^ + 2 A 564 + Ai6iai)7f4. 

This leads T' = [ 6 {, 62 ] = Oj which is a contradiction with assumption 61 ^ 0. 

Hence 61 = 0. 

Consider the product 

[T', 61'] = (-3Ai6|63a2 - 3Ai6|a2)7f2 + (3Ai6|o2 + 3Ai626|o2)7f3 + (-A16I65 - A16I65 - 
2^36202 + 2 A 26 I 63 O 2 — 2^3626102 + 2 ^ 26302 ) 7 ^ 4 . 

On the other hand, 

[T', 61 '] = 3o^7f' = -AiBzCi3a'2X2 + ^ 162 ( 71 30^7^3 + (- 2 ^ 362(71 + 2 ^ 263(74 + Ai62(72 + 
Ai63C3)3a^7f4. 

Therefore, we obtain 

/ _ (-®2 + -®3)“2 
02- . 

Similarly, by considering the products [ 63 , J'], [J', J'] we derive Ai = 1 and 


“'1 (6| + 6|)Ci' 

Note that determinant of the basis transformation is equal to ( 6 | + 6|)‘*(7f, consequently ( 6 | + 
6 |)Ci ^ 0 . 

Case 1. Let 02 7 ^ 0. Then by putting Ci = ( 6 | + 6 |)a 2 we get Oo = 1 and o'l = —■ 

0;2 (,i>2 +^3 j 

If oi = 0, then we obtain the algebra 6(1, 0). 

If Oi 7 ^ 0, then taking by 62,63 e K as a solution of the equation 6 | + 6 | = we get the 

algebras 6 ( 1 , 1 ) and 6 (— 1 , 1 ). 

Case 2. Let 02 = 0. Then 02 = 0. 

If oi = 0, then we obtain the algebra 6(0,0). 

If oi 7 ^ 0, then taking Ci = we get the algebra 6(1,0). □ 


3.3 Leibniz algebras with the ideal I as S!)c-modules by restriction of 

sp(4,C). 

The main result of this subsection describes Leibniz algebras with corresponding the complex Diamond 
Lie algebra and the ideal I corresponding to right module over the algebra Sc by considering it 
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as subalgebra of sp(4,C). In this case we have eight-dimensional Leibniz algebra M with a basis 
{J,P+,P-,T,Xi,X 2 ,X 3 ,Xi} and with the products ([T]). 

Let us introduce denotations: 


[J,P+] — iP+ + ^ aiXi, 

i=l 

[J,P.] = -iP. + Y.hXi, 

i=l 

[P+,P.]=2iT+Y.c^X,, 

i=l 

[J, J] = Y. miXi, 

2—1 

[P_,P_] = 

2=1 

[J,r]= Er.x,, 

2=1 

[p+,r] = x: UX,, 

2=1 

[p-,T] = j:v,x,, 

, 2=1 


[P+, J] = -ip+ + x: 

i=l 

[P_,J]=zP_ + Efc*^*, 

i=l 

[p_,p+] = -2ir+sz,x„ 

i=l 

[P+,P+] = j:n,X,, 

i=l 

IT,T]= 

i=l 

[T, J] = x: s,x,, 

i=l 

lT,P+] = Zu^X^, 

i=l 

[r,p_] = Y.w^x,. 

i=l 


(13) 


In the following lemma we present the description of multiplications table of Leibniz algebra under 
the restrictions of this subsection. 


Lemma 4. An arbitrary Leibniz algebra satisfying the above conditions admits a basis 
{J, P+, P_, T, Xi, X 2 , X 3 , X 4 } such that the table of multiplications of the algebra in this basis has 
the following form: 

' [J,P+]=*P+, 

[J,P_] = -zP_, 

[p+,p_] = 2tr, 

M{a)={ [J,J]=aX2, 

[X 4 , J] = -ZX 4 , 

[X 3 ,P_] =Xi, 

_ [X3,T] = ^X 2 . 

Proof. Let us take the change of basis elements: 

J' = J + imiXi + 2 ir 2 X^ — 11714X4, 


[P+,J] = -zP+, 
[P_,J]=*P_, 
[p_,p+] = -2tr, 

[XuJ]=iXi, 

[Xi,P+] =X2, 

[X4,P_] = -X 2 , 


(14) 


Pf = P+ — iaiXi + (—M2 + mi)X2 — 103X3 — 104X4, 

PL = P— + {ibi — 2 r 2 )Xi P (z&2 ~ m 4 )X 2 + ib^X^ P 164X4, 

T' = T — ^(03 + ici)Xi -I- 5(04 — ic2)X2 — 5103X3 — 5104X4. 

Then using the products m, we can assume that 

[J, P+] = iP+ , [J, P_] = -^P_, [P+ , P-] = 2 iT, 

[J, J] = 702X2 -I- TO3X3, [J, T] = riXi -I- 03X3 -I- 04X4. 

From the following chain of equalities 

0 = [J, [T, Jj] = [[J, T], J] - [[J, J], T] = [nXi + r3X3 + 04X4, J] - [7772^2 + ^3X3, T] = 

= iriXi — ir4X4 — - 77773 X 2 

we get ri = 74 = m3 = 0, i.e., [J,T] = rsXs and [J, J] = 7712X2. Similarly, applying the Leibniz 
identity for the triples {J, P+, J} and {J, P_, J} we obtain 

[P_,J]= 7 P_, [P+,J] = -iP+. 
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Consider the Leibniz identity for the following triples of elements: 


{J,P+,T}, 


ti — t2 — ts — t 4 — 0, 

{P+,J,P+}, 


ni = n2 = ns = n4 = 0, 

{P+,J,P_}, 


Si S2 53 -S 4 0, 

{P+,P_,P+}, 


Ui = U2 = Us = U4 = 0, 

{P+,P_,T}, 


<?1 = <?2 = 93 = 94 = 0, 

{P_,J,P_}, 


Pi = P2 = PS = P 4 = 0, 

{J,P_,T}, 


Vi = irs, V2 = Vs = V4 = 0, 

{J,P+,P_}, 


h = I2 = li = 0, Is = 2x3, 

{P_,P+,P_}, 


W2 = Ws = W4 = 0, Wi = — 

{r,p+,p_}, 


Ts = 0. 


Denoting a := m 2 we deduce the family of algebras M{a). □ 

In the next result we present precise description (up to isomorphism) of Leibniz algebras under the 
conditions of the subsection. 


Theorem 4. An arbitrary Leibniz algebra of the family M{a) is isomorphic to one of the following 
non-isomorphic algebras M(l) and M(0). 

Proof. Since the elements J, P+, P_, X 3 , X 4 are generators of an algebra of the family M{a), we take 
the general transformation of these elements: 

J' = A\J + A 2 P+ + A^P— + A/fT + A^Xi + AgX 2 + AyX^ + AgX 4 , 

P'+ = BiJ + B2P+ + B^P- + B4T + B^Xi + BqX2 + BjX^ + Bg,X4, 

PL = CiJ + C2P+ + C3P— + C4T + C^Xi + CqX2 + C-jX^ + 0^X4, 

X' = PiXi + P2X2 + P 3^3 + PaX4, 

X 4 = Qi^i + Q 2 X 2 + Q^X^ + <54^4- 


The rest basis elements T',X[,X 2 can be hnd from the products: 


r = -[p[,pL], x[ = [x!+pL], x' = [x(,p;]. 

Similarly as in the proof of Theorem |3] from the equalities 

[TL P[] = [TL PL] = [JL T'] = 0 , X' = T'], [JL J'] = a'X', 

we derive the expression: 

a' = with B 2 C 3 P 3 7 ^ 0. 


If q; 7 ^ 0 , then by choosing Ai := we obtain the algebra M(\). 

If q; = 0, then we get the algebras M{0). 


□ 


3.4 Leibniz algebras associated with the Diamond Lie algebra 2)c and its 
Fock module. 

In this subsection we define Fock module over algebra Sc- For algebra Sc we have the existence of a 
basis {J, Pi,P 2 ,F} with the table of multiplications [3l 

Let us introduce new notations for the basis elements of Sc : 

e=J, x = Pi, -^ = P2, T=T. 

OX 

The action of the linear space C[a;] on {I,x, is induced by dH). Further, we need to define the 
action on e. 
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We set 


(1, e) — A + Xix + X 2 x'^ + ■ ■ ■ + Xnx'^. 

Now we consider the Leibniz identity for the elements 1 £ C[a;], e, ^ G Sc : 

0 = (Ij [e, ^]) = ((Ij e), —) — ((1, —), e) = (A + Xix + X 2 X^ + • ■ • + A„a;", —) = ^ iXiX^ 

i—1 

Therefore, (l,e) = A. 

From the equalities 

X = (l,x) = (1, [e,x]) = {{l,e),x) - ((l,x),e) = (A,x) - {x,e) = Xx - {x,e), 

we derive {x,e) = (A — l)a;. 

By induction one can prove the equality: 

(a;*,e) = (A — t £ NU {0}. 

Taking the change basis e' :=e — A1 we can assume that {x*,e) = —te*, t > 0. 

Therefore, the action on e is defined as follow: 

(pM.c) ^ 

Definition 2. A linear space C[a:] is called Fock 'Dc-module, if there is an action (C[a;],Sc) C[x] 
which satisfy the followings: 

{p{x),x) 
ip{x),e) 

for any p{x) £ C[a;]. 

The main result of this subsection consists of the classification of Leibniz algebras, whose corre¬ 
sponding Lie algebra is the complex Diamond Lie algebra Sc and the ideal I is the Fock Sc-module. 

Theorem 5. The Leibniz algebra L with conditions LjI = Sc and I is the Fock Tic-niodule, admits 
a basis _ 

c 

{T,x, —, e, X* \t £ NU{0}} 
dx 

such that the table of multiplications in this basis has the following form: 


pix), 

xp{x), 


-ipix)), 


dx 


' Sx 


(15) 


II 

= X, 

II 

W 

-X, 

\p -Ll 

_ _j_ 

\A. — 


1- ’ (5 a: -1 

Sx ’ 

I- (5a: ’ J 

5x ’ 


= T, 

\h^] = 

-T, 

[a;*,T] 

= x*. 

[x\W\ = 



]=tx^-\ 

[x\e] = 

-te* 


where the omitted products are equal to zero. 

Proof Taking into account the action (IT5|) we conclude that {l,x,-^, e, x* |t£NU{0}}isa basis 
of L and _ 

[x\l\ = x\ [x\x] = [x\ f] = tx*-\ [x‘, e] = -te‘. 

OX 

Let us denote _ 

[—,T| = g(a;), [T,T]=r(a:), \x,\\=p{x), \e,T\=m{x). 
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Taking the following change of basis elements: 


5 x 


5 x 


q{x), l' 


l — r{x), x' = x—p(x), e' = e — m{x), 


we obtain _ 

[T,^=0, [^,^=0, [T,^=0, [e,l^=0. 

Consequently, 1 G AntiriD). 

The chain of equalities [[S),S)],T] = [S, [S,T]] + [[S),T],S] = 0, imply 


= (I. T| = [T,?] = [X, x| = [A, ^1 = [J,J| = 0, 


(5 , r -1 T 

la;, —I = -[-^,a;J = 1, 


Sx 


^Sx' 


[e, x\ = —[a;, ej = x, 


r -1 _ 1 _ ^ 


□ 


3.5 Calculation of the spaces BL?' and ZLi^ 

In order to simplify routine calculations in the next subsection here we present two programs im¬ 
plemented in Mathematica 10, which calculate the general form of elements of the spaces BLi^ and 
ZB^. 

Below we explain the algorithm of the computer program which outputs the general form of 2- 
coboundary for a given Leibniz algebra. We input the dimension and the table of multiplications of 

n 

a given n-dimensional Leibniz algebra, as well as a linear map d{xi) = ^ hijXj. The output of this 

k=l 

program is the general form of 2-coboundary, that is, the map f{xi,Xj), which satisfy the condition: 

f{xi,Xj) = d{[xi,Xj]) - [d{xi),Xj] - [xi,d{xj)]. (16) 

Initially, we introduce the necessary conditions for being Leibniz algebra and linear map. Next, 
we define a Leibniz algebra L through its table of multiplication and the linear map d. Finally, we 
compute the general form of elements of BL‘^{L,L) imposing the condition (16). 

The next program gives the general form of 2-cocycle for a given n-dimensional Leibniz algebra. 
Similarly, we input dimension of an algebra and its table of multiplication. Output of the program is 

n 

f{xi^Xj) = ^ which is the solution of the following equality: 

k^l 

•) f (^j ; \f {p^i •) ^k ) 7 \f {p^i 7 )) ^/ii] f 7 ] 5 f ([^i ? ^k^ i f [^j 0- (1*^) 

n 

In fact, from these equality we find values in the expression f(xi,Xj) = ^ aij^kXk- Thus, 

fc=i 

output of the program is the general form of a 2-cocycle f{xi,Xj). The steps 1 and 2 of this program 
are analogous to the before. Finally, we compute the general form of elements of the space ZL‘^{L, L). 

Let us describe in details these steps: 

• Description of equality (17) 

ident[i_Integer, j_Integer, k_Integer] := 

Collect [mu [x[i] , f[x[j], x[k]]] + mu[f[x[i], x[k]], x[j]] -mu[f[x[i], x[j]], x [k] ] 

- f[mu[x[i], x[j]], x[k]] + f[mu[x[i], x [k] ] , x[j]] + f[x[i], mu[x[j], x [k] ] ] , base] 

• Selection of non-zero coefficients in relation to the base. Equate selected coefficients to zero and 
solve the system of equations. 

listal = Select[Flatten[Table[Coefficient[ident[i, j, k] , base], 

{i, 1, dim}, {j, 1, dim}, {k, 1, dim}]], ! NumberQ [#] &]; 

equations = Map[(# == 0 ) &, listal]; 
resolution = Solve[equations, Reverse[par]][ [1] ];} 
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• Finally, substituting the solutions in the expression of / we obtain the general form of 2 -cocycles: 

Module[{i,j},For [i =1, i <= dim, i++, 

For[j = 1, j <= dim, j++, 
g[x[i] , x[j]] = 

Collect[f[x[i], x[j]] /. resolution, base. Simplify]]]]; 

application := Module [{i, j}, 

For[j = 1, j <= dim, j++, 

For[i =1, i <= dim, i++, 

lf[! NumberQ [g[x[i] , x[j]]], Print["f[", x[i], x[j], "]=", 

g[x[i], x[j]]]]]]]; 

Print["General form of ZL"2:"] application 

Using the above mentioned two programs we find the general form of 2 -coboundaries and 2 -cocycles. 
After that we easily find a basis of the spaces BL^ and ZL^, respectively. Later on, applying the 
methods of linear algebra we find the basis of the space H . 

3.6 Linear deformations of Leibniz algebras associated with representations 
of the Diamond Lie algebra 

In this subsection using the computer programs of previous subsection we calculate the basis of the 
second group of cohomologies for the finite-dimensional algebras obtained above. The verifications of 
integrability of linear deformations is also carried out by using computer programs. 

Proposition 1 . The basis of the space HL‘^{Li,Li) consists of cocycles {(pi, 1^2, iFs}, where 
(/?! : I 'Fi(Ai, J) = Ai, i^i(A2, J) = A2, 1^1 (A3, J) = A3, 

r ip 2 iP-,P+) = J, V 2 [P+,P-] = -J, (p2(A2,P_) = -f/ 2 Ai, 

• j MXuT) = Ai/ 12 , MX2,T) = A2/I2, (P2(A3,T) = -A3/6, 

r ip 3 {T,P+)=P+, (P3(T,P_) = -P_, ip 3 {X 2 ,P-)=iX,, 

ip 3 : I ip 3 {P+,T) =-P+, (P3(P-,T) = P_, ¥^3 (Xi,T) = Ai/ 2 , 

[ (^3(A2,r) = -A2/2. 

Let us consider a linear deformation fj,t = h P tljupi + b(p2 + cips), where fj, is multiplication law of 
the algebra Pi. Setting a'l = tai, 02 = ta2, 03 = ta^ we can assume that parameter t is equal to 1 . 
Application of Leibniz identity for pt implies that a linear deformation pt is integrable if and only if 
0102 = 0 . Therefore, we have two linear deformations of the algebra Pi : 

fil = fj, + a2(p2 + a 3 ip 3 , = pL + aipi + 03(^3. 

For the case of the algebra P2 we have the following result. 

Proposition 2 . The basis of HL'^{L2, L2) consists of cocycles {ipi,ip2,T3}, where 


'■ { V^i(Ai, J) — Ai, (/?i(A2, J) — A2, (/?i(A3, J) — A3, 


^ j P2(P+,P-) = -J, MP-,P+) = J, MX2,P-) = -^tXi, 

\ (P2(Ai,P) = j^Ai, P2{X2,T) =-Xx^, p 2 iX 3 ,T) = 1X3, 

( P 3 {P+,T) = -P+, P 3 {T,P+)=P+, P 3 {P-,T) = P-, 

P 3 : I T 3 iT,P-) = -P-, MX2,P-) = iXi, (^ 3 (Ai,T) = iAi, 

[ ip3iX2,T) =-^X2. 
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Applying Leibniz identity to law /it deduces that a linear deformation nt = ^J,+t{ai(pi+a 2 ^ 2 + 0 ' 3 V 3 ) 
of algebra L 2 is integrable if and only if 02 = 0. Therefore, we obtain that any linear integrable 
deformation of algebra L 2 has the form /it = fJ. + ai(pi + 

Since we are focused on linear integrable deformations of finite-dimensional Leibniz algebras ob¬ 
tained in this work, we shall omit the complete list of basis elements of HL^ and we just present linear 
integrable deformations for the remaining algebras. 


Proposition 3. An arbitrary linear integrable deformation of the algebra L(1,0) has the following 
form: 

yLt= yL + ap, 


where 

r (^(Pi,Pi)=Xi, (^(r,Pi)=3X3, p{P2,P2)=X,, 

ip : I p{T,P2) = - 3 X 2 , piJ,T) = 2 Xi, p{P^,T) =-2X3, 
{ p(P 2 ,T) = 2 X 2 . 


Proposition 4. Any linear deformation of algebra L{1, 1) (respectively, of the algebra L{—1, 1)^ is not 
integrable. 


Proposition 5. An arbitrary linear integrable deformation of algebra L{0, 1) has the following forms: 


Pt = P + ap with p : p{J, J) = X 4 . 


Proposition 6. An arbitrary linear integrable deformation of algebra L(0,0) has one of the following 
forms: 


where 


pI = pL + aipi + a2P2, Pt = 1^ + bipi + b2P2 - b2P3, 

Pt = p + cipi + apA, p'l = p +dp5 + dpe, p^=p + kp7, 


Pi : pi{J, J) = X 4 , p 2 : 


P2iP2,J) = P2, P2{T,J)=T, P2{X^,J)=X^, 

P2{X4,J)=X4, P2iJ,P2)=-P2, P2iJ,T)=-T, 


I p 3 (Xi,J) = Xi, P 3 (X 3 ,J) = 2 X 3 , 

■ I P3(Xi,P2) = X2, P3(X3,P2) = -X4. 

r p 4 (Pl,Pl)=Xi, P 4 (T,Pi)= 3 X 3 , 
P4 : < P4(T,P2) = — 3 X 2 , P4(J,T) = 2 X 1 , 

[ p4iP2,T) = 2 X 2 . 


P5iP2, Pi) = 

■J, 

P5{X2,Pi) 

= Xi/A, 

P3{Pl,P2) = 

-J, 

Pb{X 3 , P 2 ) 

= Xi/A, 

P3{X2,T) = 

-X 3 / 2 , 

P3{X3,T)-- 

= X 2 / 2 . 

P 6 {T,Pi) = 

P 2 , 

Pe,{X 2 ,Pi) = 

-Xi/4, 

P6iT,P2) = 

-Pi, 

Pe,{X3,P2) = 

-Xi/4, 

Pe,{Pi,T) = 

-P 2 , 

Pq{P 2 ,T) = Pi, 

P6{X3,T) = 

X 2 / 2 . 



P7{Pl,Xi) 

= Pi, 

P7{P2, Xi) 

= P 2 , 

P7{X2, Xi) 

= X 2 , 

P7{X3, Xi) 

= X3, 

P7iJ, X 2 ) = 

---P 2 , 

P7{P2, X 2 ) 

= T, 

937 (X 3 , X 2 ) 

= X4, 

P7{J,X3) = 

-Pi, 

X 3 ) 

= -^3, 

1^7 (X 2 , X 3 ) 

= -X4, 


P3{[X4,J) = X4, 


PiiP 2 , P 2 ) — Xi, 
P 4 iPl,T) =-2X3, 


P5{X4,Pi) = -X3/A, 
P5iX4,P2)=X2l4, 

PeiX4,Pi)=X3/4, 

P6(X4,P2) = -X2li, 
PeiX 2 ,T) =-X 3 / 2 , 


P7{T,Xi) = 2T, 
P 7 (X 4 ,Xi) = 2X4, 
PriXi, X 2 ) = —X 2 , 

P7iPl,X3) = -T, 
V97(^1,^4) = -2X4. 
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Proposition 7. An arbitrary linear integrable deformation of algebra Mi is 


fj-t = yL + aiipi + a2(p2 + + anp^ 


with 


(fl : { (pi{X3, P+) 

= X4, <fl{X3,T): 

= 1 / 2 X 2 , 


j MP+,J) 

= p+, 

(P2{T, J)=T, 

<P2{X2, J) -- 

= X2 

\ MX4,j) 

= X4, 

(p2iJ,P+) = -P+, 

MJ,T) = 

-T, 

MP-,J) = 

P-, 

(f3{T, J)=T, 

f3{X3, J) = 

= -X3 

‘f3{X4, J) = 

-X 4 , 

f3{J,P-) = -P-, 

^3{J,T) = 

-T, 

f (p4{Xi,J) 

= Xi, 

fi{X2, J) = X 2 , 

^b{X3, J) = 

X 3 , 

y (f4{X4,j) 

= X4. 





Proposition 8. An arbitrary linear integrable deformation of algebra M 2 has one of the following 
forms: 

fa] = fj, + aipi + 02^2 + asps, = n + bsps + 64 (^ 4 , 


with 

(fl : ipi{J, J) = X2, p>2 ■ P2{J, X3) = X2, 

IP3 : (P3(X3,P^) = X4, (P3(X3,T) = 1/2X2, 

r = P4(p+,p-) = -j, m^2,p-) =-if2x1, 

ip 4 -. \ MX 4 ,P-) = -iii/ 2 X 3 , MXuT) = Xi/i, P 4 {X 2 ,T)=X 2 /A, 

[ MX4,T) =-X 4 f 2 . 
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